Abstract. We use Nahm data to give a description of a candidate for the universal hyperkähler implosion with respect to a compact Lie group.
Introduction
Symplectic implosion is an abelianisation construction in symplectic geometry introduced by Guillemin, Jeffrey and Sjamaar [10] . Given a symplectic manifold with a Hamiltonian action of a compact Lie group K, the implosion of the manifold is a stratified symplectic space with an action of the maximal torus T of K, and the symplectic reduction of the implosion by T can be identified with the reduction of the original manifold by K.
The key step is to define the implosion (T * K) impl of the cotangent bundle T * K with respect to one of the commuting K actions on this space. This example is universal in the sense that the implosion of a general manifold M with K-action may be obtained by symplectic reduction from the product M × (T * K) impl . Symplectic reductions of the universal implosion by the maximal torus give the coadjoint orbits of K. The implosion (T * K) impl may be defined by taking the product of K with the closed positive Weyl chamber, stratifying by the centraliser C of points in the closed Weyl chamber, and then collapsing by the commutator subgroup of C. In particular, no collapsing occurs on the open dense set which is the product of K with the interior of the Weyl chamber. As explained in [10] , the implosion may also be viewed as an affine variety with an algebro-geometric stratification that agrees with the symplectic stratification above.
In [5] a hyperkähler analogue of the symplectic implosion was introduced for the case K = SU (n). The space is a complex affine variety and hyperkähler reductions by the maximal torus give the Kostant varieties, which are affine completions of complex coadjoint orbits.
The construction of [5] works by using quiver diagrams, and is related to the description of complex coadjoint orbits for SU (n) via quivers. For other groups, no such finite-dimensional description of the coadjoint orbits is as yet available in the literature to our knowledge, except in the case of the nilpotent variety [9] . Instead, complex coadjoint orbits have been realised via gauge-theoretic methods as moduli spaces of solutions to the Nahm equations on the half-line [15] , [13] , [4] , [12] .
The sequel [6] to [5] included a possible approach to hyperkähler implosion for general compact groups using the Nahm equations. In this paper we shall develop an analytical framework for this approach. We introduce in §3 a suitable space of Nahm data modulo gauge transformations and stratify it by the centraliser C of the asymptotic triple τ . We obtain a candidate for the universal hyperkähler implosion Q by performing further collapsings by gauge transformations valued in [C, C] at infinity. This should be viewed as an analogue of the collapsing procedure mentioned above in the construction of the symplectic implosion.
The next step is to show that fixing τ and further quotienting out by a torus yields the Kostant variety. In order to prove this, we introduce in §4 related spaces of Nahm data which admit hyperkähler structures with T action, such that the hyperkähler moment map for T gives the asymptotic triple τ . The hyperkähler quotient, in a suitable stratified sense, is identified both with the space obtained by fixing τ in Q and quotienting by T , and also with the Kostant variety.
The tangent vectors to the spaces of solutions to the Nahm equations which we use are not necessarily square integrable. Therefore instead of using the L 2 metric to define our hyperkähler structure, we use a modification of it modelled on work of Bielawski [3] on monopole moduli spaces. In our situation the Bielawski metric is nondegenerate but may not be positive definite, although the induced metric on any Kostant variety is always a positive definite hyperkähler metric.
In §6 we discuss how Q may be viewed as the hyperkähler implosion of T * K C , where K C is the complexification of K, with respect to the hyperkähler structure on T * K C defined by Kronheimer [14] . Thus Q may be viewed as a hyperkähler analogue of the universal symplectic implosion (T * K) impl . In §7 we produce a holomorphic description of our strata in Q by making a choice of complex structures such that the asymptotic triple τ satisfies the condition of Biquard regularity. Finally §8 gives a brief discussion of how symplectic implosions may be interpreted in terms of Nahm data.
Notation. We shall use M /K to denote the hyperkähler quotient of a space M by a group K.
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Nahm's equations on the half-line
Let us recall some facts concerning the Nahm equations. These form the system of ordinary differential equations (1) dT
cyclic permutation of (123),
where T i takes values in the Lie algebra k of K. They can be studied on different intervals I but we shall be primarily interested in the equations on the half-line [0, ∞). There is a gauge group action (2) T 0 → uT 0 u −1 −uu −1 , T i → uT i u −1 (i = 1, 2, 3), where u : I → K. We shall often denote the image of T i under u by u.T i .
The constructions of complex coadjoint orbits mentioned above by Kronheimer, Biquard and Kovalev [15] , [13] , [4] , [12] proceed by considering suitable moduli spaces of Nahm data on I = [0, ∞) with prescribed asymptotics. It can be shown that Nahm matrices can always be put into a gauge in which they have asymptotics
where τ = (τ 1 , τ 2 , τ 3 ) is a commuting triple. Moreover σ i = ρ(e i ), where e 1 , e 2 , e 3 is a standard basis for su (2) and ρ : su(2) → k is a Lie algebra homomorphism, so [σ 1 , σ 2 ] = −2σ 3 etc. In addition we must have [τ i , σ j ] = 0 for all i, j, so ρ takes values in the Lie algebra c of the common centraliser C := C(τ 1 , τ 2 , τ 3 ) of the triple (τ 1 , τ 2 , τ 3 ). We call (σ 1 , σ 2 , σ 3 ) an su(2)-triple in this situation.
The leading terms in fact define an exact solution to Nahm's equations
, which we call a model solution.
In the work of Kronheimer, Biquard and Kovalev a complex coadjoint orbit is obtained by fixing the model solution, that is fixing the commuting triple τ , an su(2)-triple σ and the corresponding model solution T τ,σ , and considering a suitable moduli space of solutions to the Nahm equations asymptotic to this model solution. If σ = 0 we obtain the semisimple orbits; in particular if τ is regular in the sense that C is the maximal torus T then σ must be 0 and we obtain regular semisimple orbits [15] . At the other extreme, if τ = 0 we get the nilpotent orbits [13] .
In these arguments one uses the L 2 metric to define a hyperkähler structure; this metric is finite because the τ are fixed.
Stratifying Nahm data by the Centraliser of their Limit
Let us now, as discussed in [6] , consider how one might approach hyperkähler implosion in this framework. We wish to obtain a hyperkähler space (with some singularities) carrying a torus action, such that the hyperkähler reductions give the Kostant varieties, that is, the varieties obtained by fixing values of the invariant polynomials on the complex Lie algebra (or its dual). These varieties are closures of complex coadjoint orbits, and in the regular semsimple case are exactly coadjoint orbits.
Let k be a compact Lie algebra equipped with a bi-invariant metric , . We will consider kvalued Nahm matrices on [0, ∞). As we now want to obtain all coadjoint orbits, we must allow the commuting triple and su(2)-triple to vary. Accordingly we fix a Cartan sub-algebra t ⊂ k, and consider Nahm data T i : [0, ∞) → k which converge to a limit T i (∞) = τ i ∈ t, but we allow the τ i to vary in t. As above we use τ to denote the commuting triple (τ 1 , τ 2 , τ 3 ).
We recall that the universal symplectic implosion may be stratified by the centraliser of the element of the closed Weyl chamber. Motivated by this, in the hyperkähler situation we stratify the space of Nahm matrices with limits in t by the centraliser C = C(τ 1 , τ 2 , τ 3 ) of the limiting triple.
It is well-known that formally Nahm's equations can be interpreted as the hyperkähler moment map for the action of the gauge group on the infinite-dimensional quaternionic vector space of Nahm data.
Our goal is to construct this hyperkähler quotient in such a way that the subspace of solutions to Nahm's equations converging to a fixed triple τ with centraliser C stratifies into torus bundles over the strata (complex coadjoint orbits) of the Kostant variety defined by τ . Moreover, τ should be the value of the moment map for the action of the maximal torus T of K. The torus fibre over a semisimple orbit will be C/[C, C] which equals T in the generic case when C(τ ) = T . For other strata the fibres are quotients of T . In this way the Kostant varieties will arise as hyperkähler quotients of our Nahm moduli space by T , as desired.
In order to realise the space of Nahm data with fixed centraliser as a hyperkähler manifold, and to obtain the statements about moment maps, we have to provide an analytical framework. In particular, since we work on the half-line [0, ∞), we have to specify the asymptotic behaviour of the Nahm data and gauge transformations. The L 2 -metric is no longer appropriate as it is infinite in directions which correspond to varying τ . We shall see that a modification due to Bielawski [2] of the L 2 metric has better finiteness properties which fit in well with our stratification by common centralisers.
3.1. The Space of Nahm Data. We fix a maximal torus T in a simply-connected compact Lie group K with Lie algebra t = Lie(T ). Biquard has proved in [4] that any solution (T 0 , T 1 , T 2 , T 3 ) to the Nahm equations can be put into a gauge such that there exists a commuting triple τ = (τ 1 , τ 2 , τ 3 ) of elements τ i in t with common centraliser C = C(τ ) ⊂ K such that
We have used Biquard's notation in [4] to write a Lie algebra element ξ ∈ k as ξ D + ξ H with respect to the orthogonal decomposition k = c ⊕ c
is an even permutation of (123). This condition means in particular that
This asymptotic behaviour is a result of the existence of a Coulomb gauge, as proved in [4] , Proposition 2.1 and Corollary 2.2: Writing the solution T = (T 0 , T 1 , T 2 , T 3 ) as (0, τ 1 , τ 2 , τ 3 ) +T , Biquard showed that ifT is sufficiently small in a suitable norm, then one can put T into Coulomb gauge with respect to the model solution (0, τ 1 , τ 2 , τ 3 ). That is,T satisfies
Moreover, one has the estimates
where κ > 0 is a constant. Combining these estimates, the Coulomb gauge condition and Nahm's equations, a Weitzenböck argument then gives the exponential decay of the H-components, whose rate η only depends on the τ i . The constraint is that η should be less than or equal the first positive eigenvalue of
The parameter ζ > 0 has to be chosen as follows. Define the Chern-Simons function
whose critical points are precisely the su(2)-triples. Also define the Casimir operator associated with the adjoint action of the su(2)-triple σ on c to be
Then in the above gauge fixing result Biquard requires ζ to be chosen less than or equal to the first positive eigenvalue of Hess(φ) σ . Moreover, in order to make certain transversality arguments work, he needs ζ to be smaller than the first positive eigenvalue of the Casimir γ(σ). An easy calculation leads to the following observation:
Lemma 3.1. Let σ be a critical point of φ, i.e. an su(2)-triple in c and let u ∈ C. Then the Hessian of φ satisfies
In particular, the eigenvalues of the Hessian Hess(φ) σ at σ depend only on the conjugacy class of σ.
Proof. The Hessian of φ at the point σ ∈ c 3 applied to ξ, ψ ∈ c 3 is given by
Now since for any u ∈ C we have
it follows from the bi-invariance of the metric that
In addition, the relation (3) implies that
So altogether we deduce the following fact.
Corollary 3.2. The eigenvalues of Hess(φ) σ and γ(σ) and hence the constraints on the parameter ζ only depend on the conjugacy class of σ in C.
Our gauge-theoretic framework will be based on certain weighted function spaces, which we introduce now. Fix ζ > 0 and introduce the Banach space of k-valued C 1 -functions, which up to first derivative decay like 1/(1 + t) 1+ζ :
As usual we writeḟ = df dt . Note that if ζ ′ > ζ, then we have a continuous inclusion Ω ζ ′ ⊂ Ω ζ . We also need to work with the Banach space Ω exp;η (k) of C 1 -functions which up to first derivative decay like e −ηt for η > 0:
Again we have continuous inclusions Ω exp;η ′ ⊂ Ω exp;η whenever η ′ > η. We will also consider the space of exponentially decaying C 1 -functions
Note that the latter space does not come equipped with a natural norm. Proof. By the definition of Ω ζ (k) there exist constants
give the result for Ω ζ (k). The proofs for Ω exp;η (k) and Ω exp (k) work in a similar fashion.
When it is clear in which Lie algebra the functions we are considering take their values, we will often drop the k from the notation and simply write Ω ζ etc.
We define the space A of Nahm data to be the space of all
such that there exists a commuting triple τ ⊂ t and an su(2)-triple σ ⊂ c(τ ) = Lie(C(τ )) with
Here ζ is fixed as follows. As remarked in the introduction, the space A is stratified by the centraliser C of the limiting triple τ . After applying an SO(3) rotation (which does not alter C) one can make τ Biquard-regular, that is C(τ ) = C(τ 2 , τ 3 ), and now K C /C C is a semisimple orbit for K C [12] , [4] , and C C and C are connected as we are assuming K simply-connected [17] . Note also that as the maximal torus T of K is contained in C, then T is a maximal torus in C and hence contains the identity component of Z(C) as the latter is fixed by conjugation in C. In particular Z(c) ⊂ t.
It has been observed in [6] that the space of all su(2)-triples in c is the union of finitely many C-orbits, where C acts by conjugation (see also the appendix in [13] ). Moreover, there are only finitely many strata, as there are only finitely many subroups of K that appear as centralisers of elements of t, and hence only finitely many subgroups that appear as triple intersections of these centralisers. Therefore, the above discussion in Corollary 3.2 shows that we can choose a single ζ > 0 such that the Biquard constraints are satisfied simultaneously for all su(2)-triples σ ⊂ c and all centralisers c. Definition 3.4. Fix a compact subgroup C ⊂ K centralising a triple (τ 1 , τ 2 , τ 3 ) in t. We define the stratum
The space A C consists thus of Nahm data asymptotic to a model solution
, but σ and τ are allowed to vary subject to the above relations and the constraint that C(τ ) = C. Note that the τ satisfying this condition form an open set U in a vector subspace of t 3 , while the condition that σ ⊂ c defines a compact space V of triples σ, acted on by C with finitely many orbits. Now A C is an affine bundle over U × V with fibres copies of Ω ζ (c) ⊕ Ω exp (c ⊥ ).
We use the notation X δ,ǫ = 0,
for some triples δ, ǫ. In Biquard's notation this means
We shall see shortly that δ, ǫ must satisfy certain algebraic relations implied by the condition [τ i , σ j ] = 0 and the other algebraic properties of the τ i 's and σ i 's.
Observe that since X 0 satisfies asymptotic conditions different from the ones satisfied by the other X i the spaces A C do not carry the natural hypercomplex structure coming from the identification R 4 ∼ = H. As mentioned above, the δ i terms mean that tangent vectors are not in general L 2 . To deal with this difficulty, rather than use the L 2 metric we shall put on A C Bielawski's symmetric bilinear form (see [2] ):
where b ∈ R is an arbitrary real constant.
In order to check that this gives a well-defined metric on A C , i.e. that ||X|| 2 B,b < ∞ for any tangent vector X, we have to collect some properties of the δ i = X i (∞) and ǫ i implied by the asymptotic conditions we imposed on our Nahm data. The next lemma is essentially contained in [6] .
Lemma 3.5. For a tangent vector X = X δ,ǫ +X ∈ T T A C , where T = T τ,σ +T ∈ A C , we have the following algebraic relations:
Proof. (1) The triple (δ 1 , δ 2 , δ 3 ) is tangent to the space of commuting triples with centraliser C. This implies in particular that
Alternatively, observe that differentiating the relation [τ i , σ j ] = 0 gives
and the second term vanishes by (1) .
(3) Since [δ i , γ] = 0 for any γ ∈ c we observe that
(4) Now for any ξ ∈ k the map ad(ξ) = [ξ, −] ∈ End(k) is skew-symmetric with respect to the invariant inner product we fixed. Since δ i is contained in the the centre Z(c), i.e. ad(δ i ) vanishes on c for i = 1, 2, 3, we have, for We are now in a position to check the finiteness of the Bielawski metric, again following [6] .
Moreover, the Bielawski metric is non-degenerate on T T A C .
Thus, we may interpret (A C , || · || B,b ) as an infinite-dimensional space with a translationinvariant non-degenerate symmetric bilinear form..
Proof. Given X ∈ T T A C , we know that there exist ǫ i and δ i as in the above discussion such that
and
The term involving b and X i (∞) is therefore always finite. So we may assume b = 0 and it is enough to prove the proposition for || · || B := || · || B,0 . Then
which is finite. In the last step we have used Lemma 3.5, in particular the result (5) that δ i , ǫ i = 0. To see that the Bielawski metric is non-degenerate, we observe that any quadruple of k-valued C 1 -functions on [0, ∞) with compact support defines a tangent vector. Hence, we may use bump functions to argue by contradiction as usual:
If X does not vanish, then there exists a t 0 ∈ [0, ∞) such that X i (t 0 ) = 0 for some i ∈ {0, 1, 2, 3}. By continuity, there exists a c > 0 such that X i (t) = 0 for all t such that |t − t 0 | < c. Now pick a non-negative bump function h with compact support in (t 0 − c, t 0 + c) such that h(t 0 ) = 1 and consider the tangent vector Y whose only non-zero component is given by
We have thus defined on A C a non-degenerate translation-invariant symmetric bilinear form. We shall see in the following two examples that it is indefinite, so that, formally, we may think of A C as a flat infinite-dimensional pseudo-Riemannian manifold. 
, as well as δ i ∈ Z(c) for i = 0, 1, 2, 3 and consider for sufficiently small θ the family
Then the tangent vector
Thus, tangent directions corresponding to deforming the limiting triple τ give rise to examples of null vectors in (T A C , || · || B,0 ), i.e. if we fix the parameter b in the definition of the Bielawski bilinear form to be zero. 
which is negative if we choose η < 3 2b and equal to zero if η = 3 2b . It is useful to decompose the Lie algebra k into orthogonal subspaces as follows
We write ξ ∈ k as
with respect to this decomposition. Recall that for tangent vectors we have
(∞). By definition, then, the Bielawski metric can be written as follows
. Thus, it is the Z(c)-component of a tangent vector which we have to consider in order to study definiteness properties of the Bielawski metric.
On the other hand, for any element T ∈ A C and any b ∈ R, the metric || · || B,b is certainly positive definite on the space of tangent vectors which vanish at infinity, i.e. X such that δ i = 0. In fact, for such vectors the metric || · || B,b reduces to the usual L 2 -metric. In particular, if we restrict to a subvariety where the triple τ is fixed, then || · || B,b reduces to the L 2 metric for any choice of the parameter b. The process of obtaining Kostant varieties by torus reduction will involve fixing τ in this way.
3.2. The Gauge Group. Let G ⊂ C ⊂ K be a Lie subgroup with Lie algebra g. On the stratum A C we shall describe an action of the gauge group G G , whose Lie algebra Lie(G G ) is given by the space of C 2 paths ξ : [0, ∞) → k such that
The cases which will be of most interest to us are when G equals one of C,
Proof. Let ξ ∈ Lie(G G ), so ξ(0) = 0 and ξ has a limit in the Lie algebra g ⊂ c, i.e.
. We check that the two terms in the lemma have the required asymptotic behaviour. By writing
, we see that
Then since τ acts trivially on c, i.e. commutes with ξ D , we find
For the c ⊥ -component, we calculate similarly
for some η > 0. 
and similarly for the H superscript):
as is implied by the following lemma.
Lemma 3.11.
(1) Let ζ > 0 and let
Proof.
(1) The assumptions on f and g imply that there exist positive constants A 1 , A 2 and A 3 such that
as well as
Thus,
This is very similar to (1) . By assumption there exists η > 0 and positive constants A 1 and
Altogether we have verified that [ξ, ψ] ∈ Lie(G G ), which is therefore indeed a Lie algebra.
Note that we have actually proved a slightly stronger statement, namely that the space Lie(G G,η ) obtained by replacing Ω exp by Ω exp;η , i.e. fixing the exponential decay rate, in the definition of Lie(G G ), is a Lie algebra.
The space Lie(G G ) is the Lie algebra of the gauge group G G given by the space of K-valued
It acts on Nahm matrices by the usual gauge action
Note that this shows the action preserves the condition C(τ ) = C (indeed it fixes τ ) and the condition σ ⊂ c.
Proof. This is a consequence of the properties of the spaces Ω ζ (c) and Ω exp (c ⊥ ), but we spell out the details. We can calculate for a constant ψ ∈ c using u(∞) ∈ G ⊂ [C, C] and the bi-invariance of the norm on k,
We have seen in this calculation that the derivative
Since ψ ∈ c is constant, it is immediate that the D and H-parts of this are O(1 + t) −(1+ζ) and O(e −ηt ), respectively, because ad(ψ) preserves the decomposition into D-and H-parts. Consequently, the H-part of (Ad(
To deal with the D-component, we first consider ψ = τ ∈ Z(c). We see that since [(uu
In the next lemma we verify that the group in fact does act on the space A C , i.e. it preserves the asymptotic conditions imposed on our Nahm data. Proof. We calculate the fundamental vector fields of the gauge action. At a point T ∈ A C these are given by
A short calculation gives
, and using [ξ(∞), τ i ] = 0, we can write the components of X ξ T as follows:
We shall now show that the asymptotic conditions imposed on
imply that this has the correct asymptotic behaviour for being a member of
term satisfies the required conditions for the ǫi 2(t+1) term in the tangent vector.
Since ξ and theT i are bounded, all terms lie in the correct function spaces to be tangent to A C by lemma 3.11. Thus, the fundamental vector fields of the action are tangent to A C , as required.
We therefore obtain an infinitesimal action of Lie(G G ) on A C . In fact, as in Lemma 3.9 this proves the stronger result that for ξ ∈ Lie(G G;η ) the vector field X ξ will be tangent to A C;η ′ whenever η ≥ η ′ . Here A C;η ′ is the space obtained by replacing Ω exp by Ω exp;η ′ in the definition of A C . We wish to show that this infinitesimal action integrates to an action of G G . For this, we observe that all the conditions defining A C are asymptotic in nature, and so we only have to worry about the behaviour for large t. First of all, for u ∈ G G the terms (uu −1 ) D and (uu −1 ) H clearly satisfy the correct decay conditions. And we have already seen in Lemma 3.12 that u essentially acts like u(∞) on a model solution. It thus remains to take care of the terms of the form Ad(u)(T i ) for
. Note that the conditions are preserved by constant C-valued gauge transformations, hence also by gauge transformations u ∈ G G such that u(t) ≡ u(∞) ∈ G for all t larger than some t 0 > 0.
For a general u ∈ G G with u(∞) ∈ G, the compactness of K implies that we can write u(∞) = exp(ξ ∞ ) for some ξ ∞ ∈ g. Now take a smooth non-negative function h on [0, ∞) such that h(0) = 0 and h(t) ≡ 1 for t > 1. Then the gauge transformation exp(h(t)ξ ∞ ) lies in G G and is constant for t > 1, equal to u(∞) ∈ G. Hence it preserves the space A C . Writing u =ũ exp(h(t)ξ), wherẽ u(∞) = 1, we may thus assume without loss of generality that u is asymptotic to 1 ∈ G as t tends to infinity. Now u ∈ G G means that there exists an η > 0 such that u is contained in the Banach Lie group G G;η . Since u tends to 1 as t → ∞, we may write u(t) = exp(ξ(t)) for t sufficiently large, where ξ satisfies the asymptotic conditions for being a member of Lie(G G;η ). The above discussion shows that ad(ξ(t)) preserves the space
, which hence implies that exp(ξ(t)) preserves the space A C;η ′ , too. Since Ω exp is the nested union of the spaces Ω exp;η , this shows that u preserves the space A C .
Finally, observe that the induced action of G G on tangent vectors is just point-wise conjugation which clearly preserves the Bielawski metric.
We remark that the above results and their proofs remain valid if we work with A C;η and G G;η , i.e. if we consider functions with fixed decay rate η. We will use a similar setting with fixed η in §8, when we discuss a gauge-theoretic picture of the universal symplectic implosion.
3.3.
Constructing the Universal Hyperkähler Implosion Q. We are now in a position give the definition of the universal hyperkähler implosion Q. Let N denote the set of solutions to the Nahm equations in A and let N C = N ∩ A C . In order to obtain the full implosion space Q we take the space N which is the union of the strata N C over all compact subgroups C of K and first quotient by G 1 , the group of gauge transformations as defined above with G = {1}, i.e. asymptotic to the identity at infinity. The strata Q C of the implosion are obtained by performing further collapsings on the strata N C /G 1 by [C, C], where we identify [C, C] with G [C,C] /G 1 in the obvious way via the homomorphism given by evaluation at infinity. In particular on the top stratum, corresponding to triples that are regular in the sense that C(τ ) = T , no further collapsing takes place. This is an obvious analogue of the picture for symplectic implosion discussed in §1.
The implosion is now stratified by the moduli spaces
. Although formally the Nahm equations have an interpretation as the zero condition for the hyperkähler moment map associated with the action of the gauge group on the space of Nahm data, neither the spaces N C /G I nor Q C can be interpreted as hyperkähler quotients in a straightforward way. This is because the natural hypercomplex structure is not well-defined on A C , as we have observed. However, for each choice of C, the action of [C, C] can be used to move the triples σ into one of a finite list of standard possibilities (one for each nilpotent orbit in the complexification C C ). The remaining freedom we have by which to quotient is [C, C] ∩ C(σ), the intersection of [C, C] with the common centraliser of σ. We thus obtain a refined stratification of Q C into strata Q C,σ = N C,σ /(G [C,C]∩C(σ) ) indexed by the finitely many standard triples σ. Here N C,σ denotes the space of solutions in N C with su(2)-triple equal to the standard triple σ. In §4 we will provide an analytical framework to show that the strata Q C,σ arise in a natural way as hyperkähler quotients. Thus, Q C is a stratified hyperkähler space with metric induced by || · || B,b . We shall sometimes write the strata as Q C,σ (b) to emphasise the metric dependence on b.
Moreover, we will show that hyperkähler reduction of Q C,σ by the action of the maximal torus T at level τ then amounts to fixing τ and collapsing N C,σ /G 1 by C(σ) ∩ C rather than by C(σ) ∩ [C, C]. This is equivalent to collapsing the space of solutions in N C /G 1 asymptotic to the triple τ by C. As τ is now fixed, the Bielawski metric on the hyperkähler torus quotients of the strata Q C,σ reduces to the usual L 2 -metric and we will show that, if the triple τ is Biquard-regular, these torus reductions give the strata of the Kostant variety associated with τ . In other words, the hyperkähler torus quotients of the spaces Q C,σ now give exactly the coadjoint orbits making up the Kostant variety, as in [4] , [12] . To make this more precise, we shall relate Q C,σ /T to Kronheimer's (respectively Biquard's) moduli spaces used to construct coadjoint orbits.
In particular if C(τ ) = T then we are just fixing τ and factoring out by gauge transformations asymptotic to an element of T at infinity. This gives the regular semsimple orbit of τ , which is the unique stratum in the Kostant variety in this case, as in [15] . 4 . The Stratum Q C,σ as a Hyperkähler Quotient
As remarked above, A C is not a hypercomplex manifold. In order to exhibit Q C as a union of hyperkähler strata Q C,σ , we shall introduce a new family of spaces which are better adapted to hyperkähler geometry.
Choose a C-conjugacy class of su (2)-triples in c represented by the fixed triple σ = (σ 1 , σ 2 , σ 3 ). DefineÃ C,σ to be the space of quadruples of C 1 functions
such that there exists τ 0 ∈ Z(c) and a commuting triple
Here ζ is again fixed, depending on C, as explained in the preceding section. If we denote by A C,σ the space of Nahm data defined as in §3, but with fixed σ, then we can write A C,σ = {T ∈ A C,σ ??|τ 0 = 0} ⊂Ã C,σ .
Our Nahm data are therefore asymptotic to Nahm data of the form
where σ is fixed and the elements τ i ∈ t are allowed to vary subject to the constraint that C(τ ) = C, τ 0 ∈ Z(c). Recall from the previous section that Z(c) ⊂ t. Again, we call T τ0,τ,σ a model solution.
Observe that by construction also τ i ∈ Z(c) for i = 1, 2, 3. So (τ 0 , τ 1 , τ 2 , τ 3 ) lies in the open dense subset of the quaternionic vector space Z(c) ⊗ H ⊂ t ⊗H defined by the condition that C(τ 1 , τ 2 , τ 3 ) is exactly C rather than just containing C.
At
As we now work with a fixed triple σ, no ǫ i -terms appear in the X i .
The proof of Lemma 3.5 shows that δ 0 = X 0 (∞) satisfies the same algebraic relations as the other δ i .
We use the notation X δ = (δ i )
We still use onÃ C,σ the Bielawski bilinear form
This is finite on all tangent vectors toÃ C,σ , since for each tangent vector X i − δ i is integrable and we do not have to deal with ǫ i -terms, as the triple σ is now fixed. The same argument as used in the proof of Lemma 3.6 shows that it is non-degenerate at each point of A C,σ As a consequence of the introduction of the limit τ 0 and of fixing σ the spaceÃ C,σ is now hypercomplex: We have three anti-commuting complex structures I, J, K obeying the quaternionic relations induced by right-multiplication by
Obviously, these complex structures are orthogonal with respect to the Bielawski metric onÃ C,σ and preserve the tangent spaces T TÃC,σ , i.e. take tangent vectors to tangent vectors. Thus, we may interpret (Ã C,σ , ||·|| B,b , I, J, K) as an infinite-dimensional flat pseudo-hyperkähler space, i.e. a hypercomplex space with a compatible non-degenerate, translation-invariant symmetric bilinear form.
4.1. The Gauge Group. To define the appropriate gauge group, we draw inspiration from [2] . Let G ⊂ (C ∩ C(σ)) be a subgroup with Lie algebra g. We consider the gauge groupG G (b), whose Lie algebra Lie(G G (b)) is given by the space of C 2 paths ξ : [0, ∞) → k such that
Remark 4.1.
(1) The limit lim t→∞ (ξ(t) − tξ(∞)) exists, because the derivative of the func-
. Hence, the mean value theorem implies that for t < t
The second and third conditions mean that we can write any such ξ in the form
Note that the Lie algebra Lie(G G ) defined earlier is contained in Lie(G G (b)) as the subspace defined by the conditionξ(∞) = 0. The real parameter b is the same as the one that appears in the definition of the Bielawski metric. We will see in the next section, when we calculate moment maps, why the elements in Lie(G G (b)) have to depend on b in this way.
, where ξ(0) = 0 andξ has a limit in the subalgebra
. Sinceξ(∞) ∈ g and we are assuming that G ⊂ C ∩ C(σ), and sinceξ(∞) ∈ Z(c) commutes with τ and σ, we have
We check that these two terms have the required asymptotic behaviour. By writing
and usingξ
Then since τ andξ(∞) act trivially on c, i.e. commute with ξ D , we find for any σ ∈ [c, c]
for some η > 0.
) is a Lie algebra.
Proof. We only have to check that Lie(G G (b)) is closed under the Lie bracket. Let ξ, ψ ∈ Lie(G G (b)). Clearly, the first condition holds for [ξ, ψ].
We may write ξ(t) = (t − b)ξ(∞) +ξ(t) and ψ(t)
. Then using that Z(c) acts trivially on c, we calculate
We have seen in the proof of the previous lemma thatξ
, so the first four terms in the last line of the above equation converge to zero as t → ∞. Moreover,ψ,ξ are bounded witḣ ξ,ψ = O((1 + t) −(1+ζ) ). Thus, the last two terms also converge to 0 ∈ Z(c). Now
where we used again the exponential decay ofξ
Thus, we have verified the second condition for [ξ, ψ].
To check the third condition, we consider again 
and Ω exp (c ⊥ ) respectively. The remaining terms lie in Ω ζ (c) ⊕ Ω exp (c ⊥ ) as is implied by lemma 3.11. Altogether we have verified that [ξ, ψ] ∈ Lie(G G (b)), which is therefore indeed a Lie algebra.
The space Lie(G G (b)) is the Lie algebra of the gauge groupG G (b) given by the space of K-valued C 2 -paths u : [0, ∞) → K such that
• s(u) := lim t→∞ (u(t)u(t) −1 ) exists and lies in Z(c) andũ(∞) := exp(bs(u))(lim t→∞ exp(−ts(u))u(t)) ∈ G,
In the next lemma, we verify that it in fact does act on the spaceÃ C,σ , i.e. it preserves the asymptotic conditions imposed on our Nahm data. Proof. This is similar to the proof of the analogous statement in the previous section, but we have to take care of the different asymptotics. Let T ∈Ã C,σ , ξ ∈ Lie(G G (b)) and consider a fundamental vector field
and applying Lemma 4.2 with σ = 0, we get the desired result for the [ξ(t), τ 0 ] term.
Similarly, decomposingξ −ξ(∞) =ξ into D and H parts, and using the third condition in the definition of the gauge group, we see that this also satisfies the correct decay conditions for a tangent vector toÃ C,σ . Finallyξ(∞) ∈ Z(c) is a tangent vector corresponding to deforming τ 0 .
NowT
Write as usual ξ(t)
, and thatξ(∞) acts trivially on D-parts, we can refine this to
Now sinceξ and theT i are bounded, all terms lie in the appropriate function spaces to be tangent toÃ C,σ by lemma 3.11. The only term not taken care of by this lemma is
and this implies easily that also [tξ(∞),T
. Thus, the fundamental vector fields of the action are tangent toÃ C,σ . To see that this infinitesimal action integrates again to an action of the groupG G (b), we can essentially follow the same line of argument as in the proof of the corresponding statement in Lemma 3.13. The only additional observation we need is the following: The asymptotic conditions definingÃ C,σ are preserved by gauge transformations u such that there exists a ξ 0 ∈ Z(c) so that for large t we have u(t) = exp((t − b)ξ 0 ). Indeed, we can verify this directly: For large t,u(t)u −1 (t) is equal to s(u) = ξ 0 ∈ Z(c), so that u.T 0 (∞) = τ 0 + ξ 0 ∈ Z(c), which is allowed.
Since u is Z(C)-valued Ad(u) acts trivially on τ + σ 2(t+1) and also on Ω ζ (c). To see that it preserves Ω exp (c ⊥ ), we first use the bi-invariance of the norm on k to see that
,
which again lies in the correct function spaces. Now, for large t, we can write any u ∈G G (b) as the product of a Z(C)-valued gauge transformation exp((t − b)ξ 0 ) and a gauge transformation that lies in G G (as defined in §3). The proof of Lemma 3.13 shows that such gauge transformations preserve not just the space A C , but also the slightly different spaceÃ C,σ in which σ is fixed and τ 0 = 0 is allowed (recall that we assume in the definition ofG G (b) that G ⊂ C ∩ C(σ), so thatũ(∞) acts now trivially on σ).
Moment Maps.
In this section we calculate the hyperkähler moment maps associated with the action of the gauge groupsG G (b) for various choices of subgroup G ⊂ C∩C(σ). The calculations also explain the dependence ofG G (b) on the parameter b appearing in the Bielawski metric. First we need a technical lemma which explains why the moment maps we obtain can be thought of as taking values in the dual of Lie (G G (b) ).
For this it is useful to decompose k into orthogonal subspaces as follows
where we observe Z(c)
Proof. Observe that by the definition of Lie(G G (b)) we have
To show that the association µ → ∞ 0 µ(t), − dt is injective, we can use an argument analogous to the one we used to show the non-degeneracy of the Bielawski metric on A C . We just note that 
Remark 4.7. Observe that by definition we have T 0 = τ 0 +T 0 and for i = 1, 2, 3,
This implies thatṪ
Further, we see
and for any j, k ∈ {1, 2, 3}, since the τ i mutually commute and [τ j , σ k ] = 0, we have
The first term lies in Z(c) ⊥ . Thus, for any T ∈Ã C,σ and any i = I, J, K, µ i (T ) satisfies the assumption of lemma 4.5 and so defines an element of Lie(
Proof of the proposition. The gauge group clearly preserves the hyperkähler structure, since the induced action on TÃ C,σ is given by
, which preserves the bi-invariant inner product and commutes with the complex structures.
Observe that for ξ ∈ Lie(G [C,C]∩Cσ) (b)) we have
]. As t → ∞ the first term converges to zero due to the exponential decay of T 
We now calculate the moment map µ I associated with the complex structure I. It is characterised by the relation dµ I (ξ)(X) = ω I (X ξ , X) where X is any tangent vector toÃ C,σ . Let ξ(t) = (t − b)ξ(∞) +ξ(t) ∈ Lie(G [C,C]∩C(σ) (b)) and let X = X δ +X be a tangent vector. As usual we will write δ i = X i (∞). We calculate using IX ξ T (∞) = (0,ξ(∞), 0, 0)
Since the term on the lefthand side vanishes at t = 0, we only have to deal with its limit as t → ∞. Using ξ(t) = −bξ(∞) + tξ(∞) +ξ we may rewrite this as follows:
the first term satisfies
and thus converges to zero. The second term ξ (∞), δ 1 vanishes by lemma 3.5, asξ(∞) ∈ [c, c]. Thus,
and a calculation analogous to the one in the proof of lemma 4.5 shows that this integral is well-defined.
In other words
from which the proposition follows. The object we would like to study is the hyperkähler quotient of (Ã C,σ , || · || B,b ) by the action of the gauge groupG [C,C]∩C(σ) (b), which we denote byQ C,σ (b).
Formally, the tangent space ofQ C,σ (b) at a smooth point T can be identified with the orthogonal complement to the tangent space of theG [C,C]∩C(σ) (b)-orbit through T inside the tangent space of all solutions to the Nahm equations inÃ C,σ . That is, T TQC,σ (b) can be described by elements X ∈ T TÃC,σ solving the following system of equationṡ
The first three equations are just the linearised Nahm equations, while the equation at the bottom says that X is perpendicular to theG [C,C]∩C(σ) (b)-orbit through T . This can be seen as follows. Let ξ ∈ Lie(G [C,C]∩C(σ) (b)). Then we have seen that
, and X ξ T (∞) = (−ξ(∞), 0, 0, 0). Now let X = X δ +X ∈ T TÃC,σ and compute using integration by parts:
Writing ξ(t) = tξ(∞) − bξ(∞) +ξ as usual, and using ξ(0) = 0, a calculation almost identical to the one in the proof of Proposition 4.6 shows 
Proof. We give the proof just for µ I . Most of the work has already been done in the proof of Proposition 4.6. Let T ∈Q C,σ (b) and let X = X δ +X ∈ T TQC,σ (b). Recall that we found
Since X solves the linearised Nahm equations, the integral in the second line of the above calculation vanishes. We have also seen in the proof of 4.6 that
As we now allowξ(∞) ∈ c(τ, σ) rather than [c, c] ∩ c(τ, σ), we end up with
As remarked earlier, the centraliser subgroup C is connected since we assume that K is simplyconnected. Hence C is isomorphic to a commuting local direct product Z 0 (C)[C, C] where Z 0 (C) is the identity component of Z(C). This is only a local direct product, as in general Z 0 (C) and [C, C] will have a non-trivial finite intersection. Now T is a maximal torus in K, hence it is also maximal in C, and so it contains Z 0 (C). Let t = exp(τ ) ∈ T . We can write any τ = τ 0 + τ 1 with τ 0 ∈ Z(c) and τ 1 ∈ t ∩[c, c] so that t is the product t = t 0 t 1 with t 0 = exp(τ 0 ) ∈ Z 0 (C) and
In particular t 0 lies in C ∩ C(σ). So we can make T act via taking the Z 0 -component and projecting this to C ∩ C(σ)/([C, C] ∩ C(σ)). Due to the potentially non-trivial intersection of Z 0 (C) and [C, C] the element t 0 is not unambiguously defined in general. Observe however that the ambiguity lies in [C, C] and so that all choices of t 0 project to the same element in the quotient. In the case σ = 0 this is equivalent to the usual map T → C → C/[C, C].
We thus obtain an (in general non-effective) action of the maximal torus T = exp t onQ C,σ (b), the moment map of which is again evaluation at ∞. Note that the metric on the hyperkähler quotientQ C,σ (b) /T induced by || · || B,b is just the L 2 -metric, as the level set of the hyperkähler moment map associated with the T -action consists of solutions to the Nahm equations with τ fixed. We shall then prove in §5: Theorem 4.10. Suppose τ is Biquard-regular, i.e. C = C(τ 2 , τ 3 ). Then the hyperkähler quotient Q C,σ (b) / τ T gives a stratum of the Kostant variety defined by τ , i.e. a coadjoint orbit with semisimple part given by τ and nilpotent part defined by σ.
4.2.3.
The Action of K onQ C,σ (b). We have an action of K on each stratumQ C,σ (b) given by gauge transformations which are no longer constrained to be the identity at t = 0 but otherwise satisfy the same asymptotic conditions as elements ofG [C,C]∩C(σ) (b). This action clearly preserves the hyperkähler structure and we can calculate the associated hyperkähler moment map.
Lemma 4.11. The hyperkähler moment map µ for the K-action onQ C,σ (b) is given by
Proof. Again, we give the proof just for µ I . The argument is analogous to the one in the proof of Proposition 4.6. Let T ∈Q C,σ (b) and let X = X δ +X ∈ T TQC,σ (b). Recall that we found in the proof of Proposition 4.6
Since X solves the linearised Nahm equations, we end up with We shall now produce an equivalence between this space and the hyperkähler quotientQ C,σ (b).
The starting point is the observation, that given T ∈Ã C,σ , we can always find a gauge transformation u ∈G [C,C]∩C(σ) (b) such that u.T is asymptotic to some model solution T τ,σ , i.e one with τ 0 = 0. Proof. Let T = (T 0 , T 1 , T 2 , T 3 ) = T τ0,τ,σ +T ∈Ã C,σ . Then we know that we can write T 0 = τ 0 +T 0 with τ 0 ∈ Z(c) andT i ∈ Ω ζ (c) ⊕ Ω exp (c ⊥ ) for i = 0, 1, 2, 3. To find the required gauge transformation u ∈G [C,C]∩C(σ) (b) that gauges τ 0 to zero, we make an ansatz in the form u(t) = exp(ξ(t)), for a suitable ξ ∈ Lie(G [C,C]∩C(σ) (b)), which we take to be ξ(t) = (t − b + be −ct )τ 0 for some c > 0. We check that this defines an element in Lie(
Thus, ξ ∈ Lie(G [C,C]∩C(σ) (b)), in fact it lies in Lie(G 1 (b)), asξ(∞) = 0. Now, noting that u is Z(C)-valued and so commutes with the τ i and σ i , we calculate 
Let Q C,τ,σ , respectively N C,τ,σ , denote the subsets given by elements in Q C,σ , respectively N C,σ , asymptotic to a fixed triple τ with C(τ ) = C. Then the same argument as in the proof of the corollary above, together with the moment map calculation for the T -action onQ C,σ (b), gives the following result: Thus, the constructions of §3 and §4 result in the same moduli spaces. But the compatible hypercomplex structure is more visible in the setting used in §4.
The Relation of (Q
C,τ,σ , || · || B,b )/T andQ C,σ (b) /
T with Coadjoint Orbits
We now want to relate the hyperkähler torus quotients of the moduli spaceQ C,σ (b) of solutions to the Nahm equations, asymptotic to some model solution T τ0,τ,σ with C(τ ) = C and equipped with metric || · || B,b , to Kostant varieties.
Our aim is to show that these torus reductions give coadjoint orbits. For this, we have to prove that our setup is essentially equivalent to the one used by Biquard to construct hyperkähler metrics on coadjoint orbits.
Nahm's Equations and Complex Adjoint Orbits.
We start by briefly reviewing the results in [15] , [4] , [12] , where the existence of hyperkähler structures on coadjoint orbits of semisimple complex Lie groups was established. We mainly follow Biquard's treatment. Given fixed triples τ and σ with associated model solution T τ,σ = 0,
as before, we consider
Here we introduced the space C . This space is acted upon by the gauge group G Biquard C∩C(σ) , whose Lie algebra is given by
It is useful to decompose k as follows:
We will write ξ ∈ k as ξ = ξ
where we used the notation ||ξ|| C 2 ζ = ||ξ|| ζ + ||ξ|| 1+ζ + ||ξ|| 2+ζ . Biquard then showed that the moduli space of solutions to the Nahm equations
is a smooth hyperkähler manifold diffeomorphic (as a complex symplectic manifold for the complex structure I) to the coadjoint orbit through τ 2 + iτ 3 + σ 2 + iσ 3 , provided the triple τ satisfies the condition of Biquard regularity, i.e. C(τ 2 , τ 3 ) = C.
The Relation betweenQ
. We have observed before, that the hyperkähler reductionQ C,σ (b) /T at level τ ∈ t ⊗R 3 is the same as the quotient of the space of solutions to the Nahm equations inÃ C,σ (b) asymptotic to the fixed triple τ (and arbitrary τ 0 ) by the groupG C∩C(σ) (b). By the results of §4.4. this is the same as the quotient by G C∩C(σ) of the space (N C,τ,σ , || · || L 2 ) consisting of solutions with τ 0 = 0 converging to τ . We have discussed before that for any such solution to the Nahm equations the exponential decay rate η of the T H i 's depends only on the triple τ . Hence, the moduli space N C,τ,σ /G C∩C(σ) is the same as the space N C,τ,σ,η /G C∩C(σ),η , where we replace Ω exp by Ω exp;η for suitable η in the respective definitions.
On the other hand, we see from [4] , Propositions 2.2. and 3.1. that in Biquard's gauge theoretic setup, one can equally well replace the conditionT
To make this more precise, we need some compactness lemmas, which we state and prove in a separate subsection at the end of this section.
These lemmas then imply that it is enough to prove that for a model solution T τ,σ the operator
is an isomorphism. Here C 0 e ηt (c ⊥ ) denotes the space of continous functions on the half-line such that the norm ||f || e ηt = sup(e ηt |f (t)|) is finite. This can be done following the proof of Proposition 3.2. of [4] with minor modifications on the c ⊥ -part (the proof on the c-part still works, as our setup is the same as Biquard's on the c-components). For the c ⊥ -part, in Biquard's notation this means λ, µ, ν not all equal to zero, our compactness results imply (just like in Biquard's proof) that the situation reduces to that of Kronheimer treated in the proof of [15] , Propositions 3.8, 3.9.
Altogether we obtain:
, || · || L 2 ) may be identified with the hyperkähler quotientQ C,σ (b) /T at level τ .
Analytic details.
As before, let α, η > 0 and denote by C 0 α , respectively C 0 e ηt , the spaces of continuous functions on the half-line such that the norm ||f || α = sup((1 + t) α |f (t)|), respectively ||f || e ηt = sup(e ηt |f (t)|), is finite. It then follows from the asymptotic conditions defining Lie(G C∩C(σ),η ) that for any solution T ∈ N C,τ,σ,η the operator ∇ *
. Again we decompose k as above,
and write ξ ∈ k as ξ = ξ
We then define on Lie(G C∩C(σ),η ) the following norm:
, where the norms || · || C 2 ζ (c ∩ c(σ ⊥ ) and || · || C 2 e ηt (c ⊥ ) are defined by ||f || C 2 ζ = ||f || ζ + ||ḟ || 1+ζ + ||f || 2+ζ ||f || C 2 e ηt = ||f || e ηt + ||ḟ || e ηt + ||f || e ηt .
Note that our setup agrees with the one used by Biquard on the D-parts, but on the H-part we replace the weight function (1 + t) 2+ζ by e ηt . Writing Ω
Our aim is to show that ∇ * T ∇ T is a compact perturbation of the operator ∇ * τ,σ ∇ τ,σ associated with the model solution T τ,σ .
Note that for a solution T = T τ,σ +T we can write
The following series of corollaries will imply that ξ → 2[T 0 ,ξ] + A · ξ defines a compact operator
With respect to this direct sum decomposition, we may view A + 2ad(T 0 ) • d dt as a (2 × 3) block matrix and we check that each of its six block components defines a compact operator between the respective function spaces.
The analytic lemmas we need in order to prove this are all based on the following adaptation of Ascoli's theorem to the space C 0 0 (k) of bounded continuous k-valued functions on the half-line equipped with the sup-norm.
Lemma 5.2. Let Φ ⊂ C 0 0 (k) be a uniformly bounded family of continuous functions such that there exists a positive constant C and a positive, monotonically decreasing continuous function λ with lim t→∞ λ(t) = 0 such that for any f ∈ Φ and t > t ′ the following estimate holds:
Then Φ ⊂ C 0 0 (k) is relatively compact. Proof. The proof is based on the proof of Ascoli's theorem in ( [16] , Theorem 3.1.). The set Φ forms a uniformly bounded family of continuous functions. We want to show that Φ is relatively compact in the space C 0 0 ([0, ∞)) of bounded continuous functions endowed with the sup-norm. The inequality
shows that Φ is equicontinuous. Moreover, since λ(t) converges to zero monotonically as t → ∞ it follows that given ǫ > 0, we can cover [0, ∞) by finitely many open intervals V (t i ), i = 1, . . . , m such that for all t ∈ V (t i ) we have |f (t) − f (t i )| < ǫ. Now consider the set Φ(t i ) = {f (t i ) | f ∈ Φ}, which is relatively compact in k. Therefore the (finite) union
is also relatively compact in k and we can cover it by finitely many open balls B ǫ (ξ j ), j = 1, . . . , n of radius ǫ centered at ξ j . Moreover, there is some map σ : {1, . . . , m} → {1, . . . , n} such that for each i we have f (t i ) ∈ B ǫ (ξ σ(i) ). Therefore if we associate to such a map σ the space Φ σ of all elements f ∈ Φ such that |f (t i ) − ξ σ(i) | < ǫ for each i, then Φ is covered by the open sets Φ σ . Finally, we see that if f, g ∈ Φ σ and t ∈ [0, ∞), then t ∈ V (t i ) for some i and
Thus, we can cover Φ by a finite number of open sets of prescribed diameter, i.e. Φ is relatively compact.
The next corollary shows that the map
defines a compact operator.
Corollary 5.3.
(1) Let ζ > 0 and let f α ∈ Ω α with α > 1. Then multiplication by f α defines a compact operator f α :
(1) We have to show that multiplication by f α sends the unit ball in C 2 ζ to a relatively compact set in C 0 2+ζ . We thus have to check that Φ = {(1
where C = 3+ζ α−1 ||f α || Ωα is a constant depending only on f α , ζ. Thus, if α > 1, the compactness is implied by Lemma 5.2.
The statements (2), (3), (4) are proved analogously, we omit the details.
(5) We again have to check that Φ = {e
0 satisfies the assumptions of Lemma 5.2. We start by observing that since ξ(0) = 0 and ξ ∈ Ω ′ ζ , we may write
(s)ds, from which we deduce that
We now calculate using |ξ(t)| ≤ ||ξ||Ω ζ ζ = 1 ζ and |ξ(t)| ≤ ||ξ|| Ω ζ = 1:
Thus, if α > 1, we may again apply Lemma 5.2.
Assertion (6) is proved similarly.
The following two results show that ξ → ad(T 0 )(ξ) is the composition of a bounded and a compact operator, hence compact. (1) Let ξ be an element of the unit ball in Ω ζ . We use the differentiability of the elements in Ω ζ and f α to calculate
The claim follows. The other assertions are proved similarly.
Proof. Let ξ be an element of the unit ball in LieG [C,C],η . We have
6. The Implosion of T * K C Now given a general hyperkähler manifold M with a tri-hamiltonian K-action we define the hyperkähler implosion to be the hyperkähler quotient
Here we recall (see also the discussion in §3) that the full implosion Q is the stratified hyperkähler space Q = C Q C , where the strata themselves are given by Q C = σ Q C,σ .
The universal symplectic implosion for K may be viewed as the implosion (T * K) impl of the cotangent bundle T * K. In this section we shall relate Q to the hyperkähler implosion of T * K C , where the latter space has the hyperkähler structure found by Kronheimer [14] , which we recall in the next section.
6.1. T * K C and Nahm's Equations. In [14] Kronheimer has realised T * K C as a moduli space of smooth solutions to the Nahm equations on [0, 1]. The precise setting is as follows. Let
This becomes a flat infinite-dimensional hyperkähler manifold with hypercomplex structure given by right multiplication by −i, j, k and metric given by the L 2 -metric. Define the gauge group
the Lie algebra of which is given by
i.e. C 2 -paths in k vanishing at the end points of the interval. Kronheimer then shows that, as a holomorphic symplectic manifold, the moduli space M of solutions to the Nahm equations modulo gauge transformations may be identified with T * K C . The identification (for the complex structure I) goes via putting α = T 0 − iT 1 , β = T 2 + iT 3 . Then Nahm's equations are equivalent tȯ
It then turns out that M ∼ = N , where N is the space of solutions (α, β) to the complex equation modulo complex gauge transformations. The result that is needed here is that in the complex gauge orbit of a solution (α, β) to the complex equation there exists a solution to the real equation and any two solutions to the real equation that lie in the same complex gauge orbit are equivalent under a gauge transformation valued in the compact group. Then define a map
where g is the unique complex gauge transformation such that g(0) = 1 and Ad(g)(α) −ġg −1 = 0 (that is, g gauges α to zero).
The following lemma is proved in [7] (where a different sign convention is used). The argument is similar to our previous calculation of the moment map for the T -action on Q C . Lemma 6.1. Let G 0 be the group of gauge transformations equal to the identity at t = 0 and lying in K at t = 1. Then K = G 0 /G 00 acts on M preserving the hyperkähler structure with moment map given by 
Proof. Let h be a cut-off function such that
• h ≡ 0 on [2, ∞) and define h 1 (t) = h(4t/a) (if a = ∞ just take h 1 = h). Then applying the gauge transformation u 1 = exp(th 1 (t)T 0 (0)) we find that
WritingT 0 = u 1 .T 0 , we see thatT 0 (0) = 0. Let u 2 be the unique solution with u 2 (0) = 1 to
(which is equivalent to the linear equationu 2 = u 2T0 ). Now pick 0 < ǫ ≤ min(
Then we have that the length of the curve u 2 in K restricted to the interval [0, ǫ] can be bounded as follows:
Thus, for t ∈ [0, ǫ] we may write u 2 (t) = exp(ξ 2 (t)), where ξ 2 is a function taking values in k such that ξ 2 (0) = 0. Now put h 2 (t) = h(t/ǫ) and define u(t) = exp(h 2 (t)ξ 2 (t))u 1 (t). Then by construction u(0) = 1 and u(t) = 1 for t ≥ a 2 and for 0 ≤ t < ǫ we see u.T 0 = u 2 .T 0 = 0. Now use the map t → t + 1 to identify Q as a moduli space of solutions to Nahm's equations on [1, ∞) and consider the hyperkähler manifold T * K C × Q.
Proposition 6.3. Let b > 0 and consider the diagonal K-action on T * K C × Q given by gauge transformations lying in K at t = 1. Then
Proof. We work stratum by stratum. We have already calculated the moment maps for the individual factors and the moment map for the diagonal K-action on the product is simply the sum of the moment maps on the factors. Hence for elements T ∈ T * K C andT ∈ Q C,σ we find
Thus, µ −1 (0) consists of pairs of solutions T,T to Nahm's equations on [0, 1] and [1, ∞) respectively such that for i = 1, 2, 3 we have T i (1) =T i (1). It follows from the previous lemma that using the gauge groups we can represent T,T by solutions such that in a neighbourhood of t = 1 the T 0 -terms vanish and we can therefore represent points in the zero locus of the hyperkähler moment map by smooth solutions to the Nahm equations on the whole half-line [0, ∞). Now first quotienting out by the gauge actions on the individual factors and then quotienting out by the diagonal K-action amounts to the same thing as quotienting out byG [C,C]∩C(σ) (b).
Let (T,T ) be a solution such that near t = 1 we haveT 0 = 0 = T 0 . Then by uniqueness of solutions to linear ODEs, tangent vectors to (T * K C × Q) /K at (T,T ) can be represented by paris of tangent vectors (X,X) on the individual factors that agree at t = 1. The product metric applied to such a pair gives
If we defineX
then we find
Remark 6.4.
(1) See also the discussion at the beginning of §5 in [2] , where Bielawski has obtained a similar result in a slightly different setting. 
Complex structures
In order to analyse the complex structures, as usual we split the Nahm equations into real and complex parts:
The moduli spaces will be equivalent (cf. [4] ) to the relevant spaces of solutions to the complex equation
C ) if it can be written in the form
where
The components ξ D and ξ H with respect to g = c C ⊕ c ⊥ C are required to satisfy the same decay condition as before. We shall also need the groupG
C of complex gauge transformations u that are not constrained to be equal to the identity at t = 0.
We write (following the notation of [4] ) 
From this observation it follows in particular that the complexified gauge group does not act on the whole spaceÃ C,σ,b , as it does not preserve the common centraliser of the limiting triple τ in general. However, the complexified gauge group acts on a slightly smaller spaceÃ reg C,σ (b) which consists of Nahm data asymptotic to triples τ which are Biquard-regular, i.e. C = C(τ 2 , τ 3 ). We now want to describe the complex structure of the subsetQ C we may assume that the limiting triple is of the form (0, τ 2 , τ 3 ).
By Proposition 4.1. in [4] we can find a gauge transformation g ∈G
In particular, there is no nilpotent term (n in the terminology of [4] ) in the β-coordinate, as we are working with Biquard-regular triples. The gauge transformation g has a limit g(
Since C is the local direct product Z(C)[C, C], we can write g(∞) = g 0 g 1 with g 0 ∈ Z(C) and g 1 ∈ [C, C] so that g We are allowed to multiply g by a term of the form Ad(e − α0 )(p) for some p ∈ G. In order for g ′ = gAd(e − α0 )(p) to satisfy the asymptotic conditions of the complex gauge group, we have to impose constraints on p. Biquard showed that p has to lie in the subgroup whose Lie algebra is given by c C ∩ c(Y ) ⊂ c C , i.e. p ∈ C C ∩ C(Y ). Note that H acts on this space with non-positive eigenvalues, as it does so on c(Y ). But Ad(exp(− α 0 ))(p) = Ad(exp(log(t + 1)H))(p) has to have a limit in [C C , C C ] and hence p also has to lie in [C C , C C ] as H acts trivially on Z(C). Altogether, the Lie algebra of the group L, in which the ambiguity p lives, is given by
Thus, we have an isomorphism of complex manifolds (with respect to our chosen complex structure
. This isomorphism is induced by assigning to our Nahm data the pair (g(0), τ C + Y ).
In particular, if we take C C = T C then Y must be zero and we get K C × t reg C where t reg C denotes the locus in the complex Cartan algebra of elements with abelian stabiliser. In the case K = SU (n) it was noted in [5] that this space occurred naturally inside the implosion.
Symplectic Implosion and the 'Baby Nahm Equation'
In this section we (at least in part) develop a gauge-theoretic description of symplectic implosion inspired by Bielawski's discussion of the so-called 'Baby Nahm Equation' in [3] . Let K be a compact Lie group as before with Lie algebra k and fix a invariant inner product on k. Let I ⊂ R be an interval. For a pair of C 1 functions (T 0 , T 1 ) : I → k the Baby Nahm equation is given bẏ 2 . This is an infinite-dimensional flat Kähler manifold equipped with the L 2 metric and compatible complex structure which can be seen by writing a tangent vector X ∈ T T A as X 0 + iX 1 and taking I to be multiplication by i. The gauge group G 00 = {u ∈ C 2 ([0, 1], K)|u(0) = 1 = u(1)} acts on A as usual preserving the Kähler structure and the associated moment map is given by the baby Nahm equation, as is shown by the following calculation for ξ ∈ Lie(G 00 ) and Y ∈ T T A:
as ξ vanishes at the endpoints of the interval. Thus, we can view the moduli space M of solutions to the baby Nahm equation modulo G 00 as a Kähler quotient. Let G ⊂ K be a subgroup. On M we have an action of G induced from the gauge group G 0,G of gauge transformations equal to 1 at t = 0 and having an arbitrary value in G at t = 1. From the above calculation we can see that if G = K then the moment map of the G-action is given by evaluation at t = 1:
Thus the symplectic implosion of M with respect to this K-action is given by a quotient
where t + is a (closed) positive Weyl chamber in t, the Lie algebra of the maximal torus. The implosion is stratified by the pre-images t + C of the faces of t + under µ K collapsed according to ∼ = by the commutator of the associated centraliser subgroup. That is, we have strata
To identify the moduli spaces M, respectively M C , we proceed as follows, following Bielawski [3] . Given a solution T to the Nahm equation, there exists a unique gauge transformation u 0 ∈ G 0,K such that u 0 .T 0 := u 0 T 0 u to be constant. We can therefore define a map
We claim that this is a well-defined bijection. If u ∈ G 00 , then u 0 u −1 gives the unique element in G 0,K that gauges u.T 0 to zero. Since u(0) = u(1) = 1 we see that Φ(u.(T 0 , T 1 )) = Φ(T 0 , T 1 ), i.e. Φ is G 00 -invariant.
To show injectivity, suppose Φ(T 0 , T 1 ) = Φ(T 0 ,T 1 ). Then we have T 1 (1) =T 1 (1). Let u 0 and u 0 be the uniquely determined gauge transformations in G 0,K that gauge T 0 andT 0 respectively to zero. By assumption u 0 (1) =ũ 0 (1). Therefore the gauge transformation u = u T 1 ) is equivalent via G 00 to (T 0 ,T 1 ) The map Φ is also surjective, and an inverse is given as follows. For (k, ξ) ∈ K × k define a solution to the Baby Nahm equation by choosing a path u 0 ∈ G 0,K such that u 0 (1) = k and define
Observe that any two choices of u 0 differ by an element of G 00 , so that this construction defines a unique element in M.
M is thus identified with K × k, and hence with T * K on choosing an invariant inner product on k.
On K × t 
which, by the above discussion of injectivity, induces an isomorphism
Here the right hand side coincides with the stratum of (T * K) impl associated with C as defined in [10] .
Hence we have a gauge-theoretic description of the universal symplectic implosion. 8.1.1. The Symplectic Structure. We start by calculating the symplectic structure of M. Recall that we defined an inverse Ψ to Φ :
, where u 0 was any C 2 -path on [0, 1] linking 1 and k. We calculate the derivative of Ψ at (1, 0) . This is given by
Therefore the pull-back of the symplectic form on M under Ψ is given by
which is the standard symplectic form of K × k ∼ = T * K. The symplectic form on the stratum M C is induced from this and so coincides with the symplectic structure on the stratum as defined in [10] . We shall show that in fact M = A/G C 00 . First of all, in analogy to the construction above, we have A/G C 00
The isomorphism works again by sending any α ∈ A to v 0 (1), where v 0 ∈ G C 0,K is the unique gauge transformation gauging α to zero such that v 0 (0) = 1. Its inverse sends
We shall now associate to any given g ∈ K C a path v g such that the resulting α g will satisfy the Baby Nahm equation.
This can be done as follows. Use polar decomposition and write g −1 = k exp(iξ) for some (k, ξ) ∈ K × k. Then observe that if we take v ξ (t) = exp(itξ), then this clearly links 1 and exp(iξ) and satisfies moreover −v ξ v −1 ξ = iξ, which clearly solves the real equation as iξ is constant and self-adjoint. Now take any K-valued path u linking 1 and k and define v g (t) = u(t) exp(itξ). Then α g = u.(iξ) solves the Baby Nahm equation, as the Baby Nahm equation is invariant under arbitrary K-valued gauge transformations.
This argument shows that any G C 00 -orbit on A contains a solution of the Baby Nahm equation. If now α and α ′ = v.α both solve the Baby Nahm equation, then the convexity argument in section 2 of [8] implies that α and α ′ must be equivalent by a K-valued gauge transformation. Thus, we see that, as a complex manifold, M = A/G C 00 ∼ = K C and the isomorphism between T * K and K C is given via polar decomposition.
To identify the complex structure of M C , we take α to be a solution to the baby Nahm equation. We let A C = exp(iZ(c)) ⊂ T C . Then we can define a map Here u 0 denotes the unique compact gauge transformation that gauges away T 0 = 1/2(α − α * ) such that u 0 (0) = 1 and iτ 1 = 1/2(α + α * )(0). In other words, we found a complex gauge transformation that gauges away α in stages, by first gauging away T 0 and then gaugeing away the constant remainder iτ 1 . The map Φ is [C, C]-equivariant and hence gives rise to a well-defined bijection on quotient spaces.
Moreover, we know from the discussion in §6 of [10] that the right-hand side (K × A C )/[C, C] ∼ = K C /[P C , P C ], where P C is the parabolic associated to C. We see immediately that this forces X D i to be constant, thus equal to an element of Z(c), as we need X i (∞) = δ i to lie in the centre of c. It is useful to decompose c ⊥ ⊂ k into two-dimensional root spaces c ⊥ = ⊕ α k α with respect to the adjoint action of Z(C). On k α we have the relation [τ 1 , ξ α ] = 2πα(τ )I 0 ξ α , where I 0 denotes the natural complex structure on c ⊥ ∼ = T τ1 (K.τ 1 ), the tangent space to the (co)adjoint orbit of τ 1 (see §8.B in [1] ).
Note that since any solution of the Baby Nahm equations in A C is of the form u.(0, τ ) for some τ ∈ t + C , where u satisfies the conditions of the gauge group at infinity and has an arbitrary value at t = 0, we can assume that tangent vectors (X 0 , X 1 ) at (0, τ 1 ) are given by combinations of infinitesimal gauge transformations and variations of the limit τ 1 , i.e. are of the form
for some δ 1 ∈ Z(c) and some ξ : [0, ∞) → k satisfying all the conditions for being a member of the Lie algebra of the gauge group except that we allow arbitrary ξ(0). These asymptotics are necessary to ensure that the X i − δ i have the right decay behaviour. We write X ξ,δ1 for such a tangent vector. The differential equations satisfied by (X 0 , X 1 ) hence translate into a second order ODE on ξ, namely which is hence positive definite, since α(τ 1 ) > 0. In the calculation of the tangent space at a model solution we have used the fact that any solution to the Baby Nahm equation is gauge equivalent to a model solution by the K-action given by gauge transformations with arbitrary values at t = 0. This K-action preserves the Bielawski metric on the moduli space. Hence we see that the metric must be positive definite everywhere.
